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Abstract

The mechanism of two-phase heat and turbulent transport by small solid particles suspended in a gas ¯ow was investigated by

direct numerical simulation in decaying isotropic turbulence with or without a mean temperature gradient. The e�ect of ¯uid mean

temperature gradient on heat transfer between dispersed and gas phases was examined. Velocity and temperature ®elds were solved

by the pseudospectral method with 1283 grid points. The behavior of 8,192 particles was time advanced by using the motion and

energy equations. The imposed temperature gradient in the ¯uid a�ected the Lagrangian autocorrelation coe�cient of the ¯uid tem-

perature along the particle path which decreased more rapidly than that of the particle temperature. The particle temperature ¯uc-

tuation correlated well with the particle velocity in the direction of the imposed temperature gradient, which was proportional to the

magnitude of the gradient. Ó 1998 Elsevier Science Inc. All rights reserved.
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1. Introduction

Knowledge of the behavior of discrete particles in turbulent
¯ow has attracted increased interest, as turbulent ¯ows laden
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Notation

Roman
cp particle speci®c heat
CD coe�cient of drag �� �24=Rep��1� 0:15Rep

0:687��
dp particle diameter
E(j) energy spectrum
Eh(j) temperature spectrum
k turbulence kinetic energy
N grid size
Nu Nusselt number �� 2� 0:55Re1=2

p Pr1=3�
p pressure
q2

0 initial twice turbulence kinetic energy
Pr Prandtl number
r mechanical dissipation to thermal dissipation ratio
Re Reynolds number based on reference length and

velocity � m=UL� �
Rek Taylor-scale Reynolds number
RhL Lagrangian autocorrelation coe�cient of tempera-

ture
t dimensionless time (normalized by reference length

and velocity)
u velocity ¯uctuation
uf ¯uid velocity vector
up particle velocity vector
upi

hp


 �
correlation between particle velocity and tempera-
ture ¯uctuations

xi ith direction

Greek
a thermal di�usivity of ¯uid
e homogeneous dissipation rate
eh temperature dissipation rate
g Kolmogorov microscale �� �m3=e�1=4�
gh temperature microscale �� �a3=e�1=4�
h temperature ¯uctuation
Hh i mean temperature

j wave number
k Taylor microscale
kf thermal conductivity of ¯uid
m kinematic viscosity
q density
s time

Subscripts
0 t� 0
f ¯uid
f@p ¯uid along particle path
p particle
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with solid particles are a common occurrence in both nature
and technology. An increase in scalar di�usion by solid parti-
cles is one of the most fascinating aspects of turbulence control
and protecting environment. Prediction of these ¯ows is of im-
portance because turbulent ¯ows laden with particles occur in
many technologically important areas and nature. It should be
remembered that adding particles to a single-phase ¯ow dra-
matically complicates characterization of the ¯ow and renders
the traditional empirical methodology for single-phase ¯ow far
from complete.

Direct numerical simulation (DNS) has recently become a
powerful supplement to experimental investigations of turbu-
lence in complex phenomena and has been shown to be capa-
ble of accurately reproducing the physics of moderate-
Reynolds-number turbulent ¯ows. DNSs have been used to
study particle dispersion (Riley and Patterson, 1974; Squires
and Eaton, 1991; Elghobashi and Truesdell, 1992; Wang and
Maxey, 1993) and turbulence modi®cation by small particles
(Squires and Eaton, 1990; Elghobashi and Truesdell, 1993).
None of the studies, however, investigated scalar transport
by solid particles suspended in turbulent ¯ows by direct nu-
merical simulations.

For engineering applications turbulence models must be
considered and, to this day, they represent the most eco-
nomically feasible approach to analyzing dispersed two-
phase turbulent ¯ows. Numerical studies can be developed
either by an Eulerian±Eulerian model (Elghobashi and
Abou-Arab, 1983; Picart et al., 1986; Simonin et al., 1993)
or an Eulerian±Lagrangian model (Berlemont et al., 1990;
Sato, 1996). These models require information which cannot
be obtained from experiments. Thus, the di�cult-to-measure
model terms must be found from the full Navier±Stokes,
scalar and particle motion equations solved without model-
ing.

In the present study direct numerical simulations are used
to investigate, for the ®rst time, heat and turbulent transport
by small solid particles suspended in homogeneous isotropic
turbulence with or without an imposed mean temperature gra-
dient. The purpose of this work is to consider important ques-
tions left unanswered by experimental studies in the literature
and to construct a database for the re®nement of both the
Eulerian±Eulerian and the Eulerian±Lagrangian models. Most
of the simulations in this study were performed on a 1283 grid,
yielding values of Taylor-scale Reynolds number from 54 to 40
and a Prandtl number of 0.7.

This study is the ®rst publication from an ongoing research
program related to heat, mass and turbulent transport in the
presence of dispersed phase, i.e. solid particles and droplets,
in turbulent ¯ows. The paper describes and discusses the e�ect
of a mean temperature gradient on the Lagrangian autocorre-
lation of temperature, the correlation between particle velocity
and temperature ¯uctuations and temperature-¯uctuation
variances.

2. Overview of the simulations

2.1. Pseudospectral method

The present simulations solved the following forms of the
continuity, Navier±Stokes and scalar equations

@uf i

@xi
� 0; �1�

@uf i

@t
� ufj

@uf i

@xj
� ÿ @p

@xi
� 1

Re

@2uf i

@xj@xj
; �2�

@hf

@t
� ufj

@hf

@xj
� 1

RePr

@2hf

@xj@xj
ÿ uf2

@ Hfh i
@x2

; �3�
applicable to an incompressible ¯uid on a three-dimensional
grid. In wave-number space the grid represents the integer
wave numbers ji��ni where ni� 0, 1, 2,. . ., N/2 for i� 1, 2,
3. The pseudospectral method advances the solution in time
in wave-number space, i.e., the spatial-derivative terms in the
Navier±Stokes and scalar equations are computed in wave-
number (Fourier) space, while the non-linear terms are com-
puted in physical space, requiring discrete fast Fourier trans-
forms (FFTs) to transform the ®elds back and forth between
physical space and wave number space. The aliasing errors in-
curred in the FFTs are almost completely removed by phase
shifting and truncation techniques. The truncation results in
a maximum signi®cant wave number, jmax, of

���
2
p

N=3. The so-
lution was obtained on a cubical uniform grid with N3 grid
points and a cube with sides of length 2p in physical space.
For further details of the method, see Canuto et al. (1988).

The time-stepping scheme employs an explicit second-order
Runge±Kutta method with an integrating factor technique.
Time-stepping errors are small as long as the Courant number
(c¯) is not greater than 1.0. Courant numbers greater than uni-
ty are found to cause a marked increase in the time-stepping
errors (Eswaran and Pope, 1988). The Courant number was
chosen to be 0.5 in the present simulations.

2.2. Particle tracking method

The ratio of ¯uid density to particle density is assumed to
be negligible; therefore only the drag force was considered in
the equation of particle motion:

dupi

dt
� ÿ 3

4

CD

dp

qf

qp

upi
ÿ uf i

ÿ �
up ÿ uf

�� ��: �4�

It is assumed that the concentration of particles is small en-
ough for particle±particle interactions to be negligible and
the turbulence is not modi®ed by the presence of the particles.
It should be remembered that gravity is removed in order to
avoid the crossing-trajectories e�ect.

The instantaneous particle temperature, hp, is obtained by
integrating the energy equation:

dhp

dt
� ÿ 6kf Nu

d2
pqpcp

hp ÿ hf

ÿ �
; �5�

where Nu is the Nusselt number. It is also assumed that the
particle enthalpy does not a�ect the temperature ¯ow ®eld.
Eqs. (4) and (5) were time advanced using second-order
Runge±Kutta.

Interpolation is required to obtain ¯uid information at a
particle point. In the present study third-order accurate La-
grange polynominals were used to interpolate velocities and
temperatures at grid points (Deutsch, 1990; Squires and Eaton,
1991).

Particles were uniformly injected within the computational
box. All the simulations in the present study used 8,192 parti-
cles. The initial velocity was assumed to be equal to the ¯uid
velocity at the same location and the initial temperature was
set as the non-dimensionalized temperature of unity (� 300
K).

3. Results and discussion

3.1. Properties of the Eulerian ®eld

The parameters of decaying isotropic turbulence by DNS
are summarized in Table 1 where Rek is the Reynolds number
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based on the Taylor microscale. The imposed mean tempera-
ture gradient was chosen to be unity and ten.

The initial energy spectrum for both ¯uid velocity and tem-
perature was speci®ed following the procedure of Batchelor et
al. (1992) and Chasnov (1994). The initial spatial energy spec-
trum was taken to be of the form

E�j� � Eh�j� � rr�1=2

�1 � 3 � � � � � rÿ 1�

���
2

p

r
q2

0

� jr

jr�1
peak

exp ÿ r
2

j
jpeak

� �2
( )

; �6�

where jpeak is the wave number at which E(j) is maximum and
r is a parameter. Fig. 1 displays the spatial energy spectra of
decaying isotropic turbulence. The initial spectrum is unrealis-
tic, but as the ¯ow develops the energy is redistributed to both
low and high wave numbers and the Reynolds number de-
creases. In isotropic decay the resolution of the small scales
is judged by the shape of the spectrum at high wave numbers.

As a rule of thumb it is required that the numerical cut-o�
wave number be at or beyond jmaxg� 1, shown in Fig. 2,
where g is the Kolmogorov microscale. The time axis of all ®g-
ures represented in this section has been made dimensionless
using the initial turbulence kinetic energy, k0, and the initial
homogeneous dissipation rate, e0.

The temperature spectra without and with the imposed gra-
dient are displayed in Fig. 3. The initial spectra were set to
equal to Eq. (6). Good resolution is obtained when the param-
eter jmaxgh � 1 is greater than or equal to unity, shown in
Fig. 2, where gh is the temperature microscale (Tennekes and
Lumley, 1972).

The ability of DNS to resolve the motion at the smallest
turbulence scale is judged by the dimensionless quantity
jmaxg shown in Fig. 2. Yeung and Pope (1988) indicated that
the smallest scales are captured when jmaxg� 1. When the val-
ue of jmaxg is unity, jmaxgh is already greater than unity, which
means that all the scales are resolved in the present DNS.

The time development of mechanical dissipation to thermal
dissipation ratio, de®ned by

Table 1

Fluid ¯ow parameters

Grid size N 128

Reynolds number Rek 54.3±39.7

Courant number c¯ 0.5

Kinematic viscosity m � 1=Re a 0.001

Prandtl number Pr 0.71

Density qf 1.17 kg/m3

Thermal conductivity kf 2.61 ´ 10ÿ2 J/m s K

Mean temperature gradient @ Hfh i=@x2 0.0, 1.0, 10.0

Kolmogorov microscale g a 0.0166±0.0391

Taylor microscale k a 0.241±0.466

Eulerian timescale TE � k/e 5.80±21.7

q2
0 3

jpeak 8

r 4

a Reference length and velocity were chosen to be 0.01 m and 1.0

m/s, respectively.

Fig. 1. Three-dimensional spatial energy spectra in decaying isotropic

turbulence.

Fig. 2. Spatial resolution of the Kolmogorov scale in decaying isotro-

pic turbulence.

Fig. 3. Temperature spectra in decaying isotropic turbulence without

and with a mean temperature gradient.
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r � 2k=e

h2

 �

=eh

; �7�

is depicted in Fig. 4. The dissipation ratio with the mean tem-
perature gradient decreases faster than that without the gradi-
ent which has an asymptotic value of unity with respect to
time. Warhaft and Lumley (1978) review a number of heated
grid experiments and ®nd r values of 0.6±2.4.

Pro®les of the non-dimensional Taylor microscale and Ko-
lmogorov microscale with respect to time are shown in Fig. 5.
These scales were calculated directly from the spectra of the en-
ergy and dissipation. The ratio of the Taylor to Kolmogorov
scales indicates the range 12±15, which is denoted by the fol-
lowing equation (Tennekes and Lumley, 1972):

k
g
� 151=4Re

1=2
k � 14: �8�

3.2. Initial condition of particles

After the turbulence had developed to eliminate the physi-
cal characteristics of the initial conditions the particles were
time advanced using Eqs. (4) and (5). The particles were re-
leased after the skewness of the velocity derivative had reached
a threshold value corresponding to developed turbulence. The
value of the skewness corresponding to developed turbulence is
approximately )0.4 to )0.5 (Tavoularis et al., 1978; Squires
and Eaton, 1991; Elghobashi and Truesdell, 1992), shown in

Fig. 6. Table 2 is a summary of the particle properties used in
the present DNS.

It is important that Lagrangian statistics measured for the
particles be computed only after the particles have become in-
dependent of their initial conditions. Riley and Patterson
(1974) were the ®rst to use the time of occurrence of the peak
of the mean-square relative velocity between ¯uid particles in
order to indicate the time at which the particles had adjusted
to the decaying turbulence. Squires and Eaton (1991) and El-
ghobashi and Truesdell (1992) indicated in their DNS studies
that the Lagrangian statistics were computed after the mean-
square relative velocity had obtained its maximum value.
However, in the present study the maximum value is sensitive
to the correlation between the particle velocity and the temper-
ature ¯uctuations. The in¯uence of the initial conditions was
completely eliminated to obtain the Lagrangian statistics and
throughout the remainder of the paper the time origin, t� 0,
of all the statistical quantities is the time when the Taylor-scale
Reynolds number took a value of 54.

3.3. Lagrangian autocorrelation function

The Lagrangian autocorrelation coe�cient of temperature
without and with the imposed mean temperature gradient is
shown in Fig. 7(a) and (b), respectively. The coe�cient of par-
ticle temperature is de®ned as

RhL
p�t0; s� �

hp�t0�hp�t0 � s�
 �
hp�t0�2
D E1=2

hp�t0 � s�2
D E1=2

: �9�

The normalization lessens the e�ect on the correlation of the
reference time of measurement, t� 0 (Squires and Eaton,
1991). The Lagrangian autocorrelation coe�cient of ¯uid tem-
perature along the particle path is computed as

RhL
f@p�t0; s� �

hf@p�t0�hf@p�t0 � s�
 �
hf@p�t0�2
D E1=2

hf@p�t0 � s�2
D E1=2

: �10�

The memory of the particle of its previous temperature dimin-
ishes as the Reynolds number decreases. The temperature of
the ¯uid along the particle path loses memory more rapidly
than the particle. It can be observed from these ®gures that
the autocorrelation of the particle temperature does not seen
to be a�ected by the imposed gradient. At short times the ¯uid
temperature autocorrelation decreases rapidly in the case with-
out the gradient.

The functional form for the velocity autocorrelation of ¯uid
along the particle path,

Fig. 4. Time development of mechanical dissipation to thermal dissipa-

tion ratio in decaying isotropic turbulence.

Fig. 5. Time development of the Kolmogorov lengthscale and Taylor

microscale in decaying isotropic turbulence without a mean tempera-

ture gradient.

Fig. 6. Time development of the skewness of the ¯uid velocity deriva-

tives in decaying isotropic turbulence.
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RL
f@pij
�s� � exp

ÿs
�m2 � 1�sL

f@pij

" #
� cos

ms
�m2 � 1�sL

f@pij

" #
; �11�

has been proposed by Gouesbet et al. (1984), where sL
f@pij

is the
Lagrangian integral timescale tensor of ¯uid along the particle
path. For increasing values of the loop parameter, m, the cor-
relation function will have negative loops. From Fig. 7(a) and
(b), however, the autocorrelation of the ¯uid temperature has
no negative loop. If the functional form given by Eq. (11) can
be applied to the ¯uid temperature autocorrelations, the value
of m must be less than unity.

3.4. Temperature ¯uctuation variance

The time development of the temperature-¯uctuation vari-
ance of the particle and the ¯uid along the particle path with-
out an imposed temperature gradient is displayed in Fig. 8. All
the quantities decreased with respect to time in velocity and

temperature decaying turbulence. It can be observed that the
¯uid temperature variance decreases slightly faster than that
of particle, due to the fact that the particle temperature vari-
ance decays with 1=shp

rather than 1=TE for the ¯uid. The e�ect
may also be due to increasing values of turbulent macroscales,
i.e., TE and TL. A signi®cant e�ect of the imposed gradient on
temperature variances is observed in Fig. 9 when the tempera-
ture gradient was added. The temperature ¯uctuation variance
of the ¯uid along the particle path has constant values with
respect to time, while the particle temperature variance in-
creased with decreasing value of the Reynolds number and
reached the asymptotic values.

3.5. Temperature turbulent ¯ux

In turbulence modeling of particle-laden ¯ows, the correla-
tions related to the particle behavior are evaluated by using the

Fig. 8. Time development of temperature-¯uctuation variances with-

out a mean temperature gradient.

Fig. 7. Lagrangian autocorrelation coe�cient of temperature: (a) with-

out a mean temperature gradient; (b) with a mean temperature gradi-

ent of unity.

Table 2

Particle properties

Mean diameter dp [lm] 50.0

Density qp [kg/m3] 8,800

Speci®c heat cp [J/(kg K)] 386

Particle time constant sp [ms] 104

Gas±particle temperature transfer characteristic time

shp
[ms] 21.7

Lengthscale ratio dp /g [)] 0.301±0.127

Timescale ratio TE/sp [)] 0.557±2.08

TE=shp [)] 2.67±10.0

Fig. 9. Time development of temperature-¯uctuation variances with a

mean temperature gradient of unity.
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gradient-di�usion hypothesis or the transport equations (Si-
monin, 1996); thus quantitative information is required.
Fig. 10 depicts the time development of the correlation be-
tween the particle velocity and temperature ¯uctuations with
the gradient of unity. It is observed that the mean temperature
gradient contributes to the particle temperature ¯uctuation in
the direction of the gradient which is proportional to the mag-
nitude of the imposed gradient. As can be seen from the ®gure
the other correlations have zero values which were not a�ected
by the initial condition.

4. Conclusions

Direct numerical simulations were performed to investigate
heat and turbulent transport by solid particles suspended in
decaying isotropic turbulence with or without an imposed ¯uid
mean temperature gradient. The present study focused on the
e�ect of the temperature gradient on the Lagrangian statistics
of the particle and the ¯uid along the particle path in the range
of Taylor-scale Reynolds numbers from 54 to 40. The imposed
temperature gradient a�ected the Lagrangian autocorrelation
coe�cient of the ¯uid temperature along the particle path
which decreased more rapidly than that of the particle temper-
ature. The particle temperature ¯uctuation correlated well with
the particle velocity in the direction of the imposed tempera-
ture gradient and was proportional to the magnitude of the
gradient. With the mean temperature gradient the particle tem-
perature ¯uctuation variance increased with time.

The present study shows the feasibility of DNS from a dy-
namic point of view, with the imposed mean temperature gra-
dient yielding non-zero turbulent ¯uxes. The simulations allow
us to study not only heat transfer between the gas and the solid
particles, but also heat and turbulent transport in the dispersed
phase.

The present direct numerical simulations were conducted in
decaying isotropic turbulence. The next step, which involves
studying the behavior in forced isotropic turbulence and at
high Reynolds number by using large eddy simulations, is cur-
rently under way.
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